Abstract. Let C be a smooth irreducible complex projective curve of genus g and let B k (2, K C ) be the Brill-Noether loci parametrizing classes of (semi)-stable vector bundles E of rank two with canonical determinant over C with h 0 (C, E) ≥ k. We show that B 4 (2, K C ) it has an irreducible component B of dimension 3g − 13 on a general curve C of genus g ≥ 8. Moreover, we show that for the general element [E] of B, E fits in a exact sequence 0
Introduction and statement of the result.
Let C be a smooth irreducible complex projective curve of genus g and let U C (r, d) be the moduli space of (semi)stable vector bundles of rank r and degree d on C. Inside U C (r, d), consider the Brill-Noether loci B k C (d) parametrizing classes of vector bundles [E] ∈ U C (d) having at least k linearly independent sections. Because of their interesting geometry, Brill-Noether loci had been extensively studied and actually is an active topic of research in algebraic geometry, however some problems related with non-emptyness, dimension, irreducibility, etc., are still open. For an overview on main results on Brill-Noether theory for vector bundles on algebraic curves see ( [8] ). For r = 2 and d = 2g − 2, the scheme B(2, K C ) ⊂ U C (2, 2g − 2) which parametrizes classes of (semi)stable ranktwo vector bundles E with det(E) = ∧ 2 E = K C , is defined as the fiber at K C of the determinant map ∧ 2 : U C (2, 2g − 2) → Pic 2g−2 (C), E → ∧ 2 E. B(2, K C )
is smooth and irreducible of dimension 3g − 3. Inside B(2, K C ), define BrillNoether loci B k (2, K C ) := {[E] ∈ B(2, K C ) : h 0 (C, E) ≥ k}. These loci have a scheme structure as degeneracy locus and is known that the expected dimension of B k (2, K C ) is given by the Brill-Noether number ρ KC (2, k, g) := 3g − 3 − k+1 2 (see [3] , [11] ). For a description of B k (2, K C ) for low genus we refer to e.g.
( [3] , [12] , [13] ). For [E] ∈ B k (2, K C ) with h 0 (C, E) = k, the infinitesimal behavior of B k (2, K C ) at the point [E] is governed by the symmetric Petri map P E : Sym 2 (H 0 (C, E)) → H 0 (C, Sym 2 (E)), that is, the tangent space to B k (2, K C )
at [E] is identified with the orthogonal to the image of the symmetric P E . In ( [18] ) it has been proved the injectivity of the symmetric Petri map P E on a general curve of genus g ≥ 1. A different approach for the injectivity of the symmetric Petri map for g ≤ 9 and k < 7 is given in ( [2] ). The injectivity of the symmetric Petri map implies that on a general curve C, components of the right dimension in B k (2, K C ) are smooth.
A general result on non-emptyness and existence of components in B k (2, K C ) of the right dimension on a general curve of genus sufficiently large is given in ( [17] ), where the proof uses the theory of limit linear series for higher rank. Generalizations of this result and others results about non-emptyness, irreducibility, we refer to e.g ([ [15] , [14] , [10] , [19] ). In particular, for g > 3 and for k ≤ 3, non-emptyness and existence of irreducible components of B k (2, K C ) of the right dimension on a general curve are obtained in ( [5] ) by studying certain determinantal locus inside the space of extensions Ext
For a general curve of genus g ≥ 5, the existence of irreducible components in B 4 (2, K C ) of the right dimension is a particular case of theorem 1.1 given in ( [17] ). We follow the approach as in ( [5] ) to show that there exists an irreducible component B ⊂ B 4 (2, K C ) of dimension ρ KC (2, 4, g) on a general curve of genus g ≥ 8, moreover we show that the general vector bundle in the component B is given as an extension of suitable line bundles. In order to state our main theorem we introduce some definitions and notation.
Let C be a non-hyperelliptic curve of genus g ≥ 3 and let d be an integer such that 2g
be line bundles on C; the space Ext 1 (L, N ) parametrizes isomorphism classes of
Any u ∈ Ext 1 (L, N ) give rise to a degree d rank-two vector bundle E u that fits in a exact sequence
To get a (semi)stable vector bundle, a necessary condition is 2δ
Suposse that N is a special line bundle. For any u ∈ Ext 1 (L, N ), consider the coboundary map induced by cohomology in the exact sequence (u):
By exactness in (u) we have that h 1 (C, E u ) = h 0 (N ) + dim(Coker(∂ u )). For any integer t > 0, consider the degeneracy locus
which has a natural structure of determinantal scheme, so it has expected dimension
. If m > 0 and W t = ∅, then any irreducible component
where righthand-side is the expected dimension. Our main result is the following:
Theorem. Let C be a curve of genus g ≥ 8 with general moduli. Then B 4 (2, K C ) = ∅. Moreover, there exists an irreducible component B ⊂ B 4 (2, K C ) of the expected dimension ρ KC (2, 4, g) = 3g − 13 and whose general point [E] fits into an exact sequence
where, (i).-D is a general effective divisor of degree 3, and
∆ 3 is an irreducible component of dimension 3g−15 and the general element u ∈ ∆ 3 satisfies that dim(Cokernel(∂ u )) = 3.
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Preliminaries.
We give some definitions and results that we need for the proof of our main theorem. For more complete details on the topics of this section we refer the reader to e.g. ( [1] , [5] , [7] , [16] ).
2.1. Ruled surfaces. Let E be a vector bundle over a smooth irreducible complex projective curve C. The speciality of E is defined as i(E) = h 1 (C, E). E is said special if i(E) > 0. We denote by ∼ linear equivalence of divisors and by ≡ numerical equivalence of divisors.
Let E be a rank-two vector bundle over a curve C of genus g. Let S := P(E) be a (geometrically) ruled surface with structure map p : S → C. For any x ∈ C we denote by f x = p −1 (x) ≃ P 1 . We denote by f a general fiber of p and by O S (1) the tautological line bundle on S. We write
There is a map s : C → S such that p • s = Id C whose image we denote by H and such that O S (H) = O S (1), thus an element in the linear system |O S (1)| is denoted by H. For any D ∈ Div(C)( or in Pic(C)) we denotef
the classes H, f satisfying H · f = 1, f 2 = 0 (see [7] , chapter V). Any element of Pic(S) corresponds to a divisor on S of the form nH + f B , n ∈ Z, B ∈ Div(C), as an element of Num(F ), corresponds to nH + bf, b = deg(B). For any n ≥ 0 and for any D ∈ Div(C), the linear system |nH +f D | if non empty, is said to be n-secant to the fibration p : S → C since its general elements meets f at n points. An element Γ ∈ |H + f D | is called unisecant curve of S (or to the fibration p : S → C). The irreducible unisecant of S are smooth and isomorphic to C and are called sections of S.
2.2.
Some properties of sections of Ruled surfaces. We recall that there is one-to-one correspondence between sections Γ of S and surjective maps E ։ L with L a line bundle on C (see [7] , chapter V), then one has an exact sequence
gives a global section of E which corresponds to the global section of O S (1) vanishing on Γ. For a section Γ that correspond to the exact sequence
Let Γ 1 be a reducible unisecant such that H · Γ 1 = n, then there exist a section Γ 0 ⊂ S and an effective divisor A of degree a on C such that
, where Γ 0 ⊂ Γ 1 the unique section (see [5] ).
2.3.
Hilbert scheme of unisecants and Quot-Scheme. For any n ∈ N, denote by Div 1,n (S) the Hilbert scheme of unisecants curves of S which are of degree n with respect to O S (1). Since elements of Div 1,n (S) correspond to quotients of E, therefore Div 1,n (S) can be endowed with a natural structure of Quot-scheme (see [16] , section 4.4), and one has an isomorphism
and there is the universal quotient [16] , section 4.4). We define
This support is the scheme that parametrizes degree n, special unisecants of S.
Definition 2.1. Let Γ ∈ Div 1,n (S). We say that:
Let Γ be a special unisecant of S. Assume that Γ ∈ F , where
When F = |O S (Γ)|, Γ is said to be linearly specially unique in case (iii) and linearly specially isolated in case (iv). When F = Div 1,n (S), Γ is said to be algebraically specially unique in case (iii) and algebraically specially isolated in case (iv).
2.4.
A result on deformation theory. Let Y be a smooth projective variety and  : X ⊂ Y be a closed smooth subvariety. Let I X ⊂ O X be the ideal sheaf of X.
We have an inclusion of tangent sheaves T X ⊂ T Y | X and a restriction morphism 
cohomology induced by the above exact sequence. The map H 1 (R) associates to a first-order deformation of (Y, X) the corresponding first-order deformation of X.
We have (see [16] , Proposition 3.4.17):
First-order deformations of the pair (Y, X). The infinitesimal deformations of the pair (Y, X) (equivalently of the closed embedding ) are controlled by the sheaf
(ii).-First-order deformations are parametrized by H 1 (Y, T Y < X >) and the space
2.5. Extensions of line bundles and the Segre invariant. Let E be a vector bundle over a curve C. The slope of E is defined as µE := deg(E)
rank(E) . A vector bundle E is stable (respectively semistable) if for all subvector bundle F ⊂ E we have that µ(F ) < µ(E) (respectively µ(F ) ≤ µ(E)).
For a rank two vector bundle E, the Segree invariant s(E) of E is defined as s(E) := deg(E) − 2(max{deg(N )}), where the maximum is taken among all subline bundles N of E. The bundle E is stable (resp. semi-stable) if s(E) > 0 (resp s(E) ≥ 0). For any A ∈ Pic(C), one has s(E) = s(E ⊗ A).
sequence. Tensoring the exact sequence (u) by N ∨ we consider E e := E ⊗ N ∨ which fits in an extension (e) : 0 → O C → E e → L ⊗ N ∨ → 0 and s(E u ) = s(E e ). Take N ) ), by Serre duality we have that
C → P is a morphism. Set X := φ(C). For any positive integer h denote by Sec h (X) the h th -secant variety of X, defined as the closure of the union of all linear subspaces < φ(D) >⊂ P, for all effective general divisors of degree h. One has that dim (Sec h (X)) = min{dim(P), 2h − 1}. We have the following result (see [9] ).
Let t ≥ 1 be any integer. 
Alternative description of W t . Let u ∈ Ext 1 (L, N ) be and consider the cup product
We have that ∂ u (s) = s ∪ u. By Serre duality, ∪ is equivalent to consider the multiplication map
Note that when N = L, µ coincides with the Petri map µ L for line bundles. For any subspace W ⊆ H 0 (K C ⊗ N ∨ ) consider the multiplication map
is an extension such that there exists a vector space
, thus we have that:
For a a smooth curve C of genus g ≥ 3 and line bundles L, N on C with h 0 (L) ≥ Let 0 → N → E → L → 0 be an exact sequence on a general curve C such that
0. Assume also that 2δ − d ≥ 1. By Brill-Noether theory for line bundles (see [1] , chapter IV and V), the Brill-Noether varieties W 
We define [5] , definition 6.13). Following this philosophy, for k = 4 and for specific numerical conditions we found an irreducible (not good) component P( ∆ 3 ) ⊂ P(E) of dimension 3g − 13 that satisfies the conditions of the main theorem and fill-up an irreducible component B ⊂ B 4 (2, K C ) of dimension 3g − 13. We prove this in the next section.
Proof of the Theorem.
For the following lemma we adapt an argument of Lazarsfeld (see [6] , Theorem 1.1).
Lemma 3.1. Let C be a non-hyperelliptic curve of genus g ≥ 8 and let D = q 1 + q 2 + q 3 be a general effective divisor of degree 3 on C. There exist a rank two vector bundle F on C with the following properties:
0 (F ) = 3 and F is globally generated,
Proof. (i).-Consider p 1 , ..., p g−5 general points on C. Note that the line bundle
is of degree g + 3, free of base points with h 0 (C, A) = 5. 
Consider the extension map Ext
to the coboundary map
Any non-trivial extension in Kernel(β) satisfies that h 0 (F ) = 3 and det(F ) =
We prove that Kernel(β) is a vector space of dimension g − 5:
The map β is dual to the multiplication map m D :
By the base point free-pencil trick applied to
Now consider an extension ((e) : 0 → M 1 → F → M 2 → 0) in Kernel(β) and suppose that F is not globally generated, then the three sections of F generates a subsheaf F 1 of F fitting into an exact sequence 0
, that is, F is globally generated away the points {p 1 , ..., p g−5 }, this implies that B ⊂ supp({p 1 , ..., p g−5 }). Thus, if F comes from an element e ∈ Ker(β) that fails to be generated by global sections, then there is a point x among the points {p 1 , ..., p g−5 } and a subsheaf F 2 given by the following extension 0 → M 1 (−x) → F 2 → M 2 → 0 so that e is induced from this extension and such extension is surjective on global sections. Since Hom(
, such extensions are parametrized by elements in
where
), then h 0 (A(x)) = 6. By the base point free pencil trick applied to M 2 , note that
This implies that the extensions in Kernel(β) which fail to be generated by global sections have codimension at least 1 in Kernel(β), so for a general extension in Kernel(β), the corresponding vector bundle F satisfies that F is globally generated, h 0 (F ) = 3 and
F is generated by global sections there is an exact sequence
has kernel of dimension 3.
We are going to show that Σ 3 = ∅ and that dim(Σ 3 ) = dim(G).
Consider the vector bundle F constructed in lemma 3.1. Since F is generated by global sections we have the exact sequence
Dualizing (1) and since Ext
Tensoring (2) by
We know that h 0 (F ∨ ) = 0, also a non-zero section τ ∈ H 0 (O C ) induces an iso-
, so we take cohomology in (3) to obtain
From (4) we have that
Since
By upper semicontinuity of the function
Proof of the Theorem:
Step 1.-By Lemma 3.2 and the alternative description of W t we have that W 3 = ∅, so the expected dimension of W 3 is 3g − 18.
, we denote by π u the hyperplane in P defined by {u =
, where u corresponds to the extension
J G → P the projections to the first and second factor respectively. From lemma 3.2 we have that for W ∈ G general, dim(Im(µ W ) = 3g − 12. The fiber of π 1 over a general element V ∈ Σ 3 , is isomorphic to the linear system of hyperplanes in P passing through the linear subspace P(Im(µ V )), then the general fiber of π 1 is irreducible and of dimension (h 0 ((
On the other hand, since
determined, so the general fiber of the map π 2 | J3 : J 3 → P is irreducible and zero-dimensional, then π 2 (J 3 ) ⊂ P(W 3 ) ⊂ P is irreducible of dimension 3g − 16. Note that π 2 (J 3 ) give rise to the existence of a not good component ∆ 3 ⊂ W 3 of dimension 3g − 15 with P(∆ 3 ) = π 2 (J 3 ), such that for the general element u ∈ ∆ 3 we have that
Consider the image X of the map C ֒→ P defined by the (very ample) linear system
Note that for ǫ ∈ {0, 1} and for σ = g − 6 − ǫ > 0 we have that
, then by Lange-Narashiman we have that for general u ∈ ∆ 3 , vector bundles coming from extensions in ∆ 3 are stable vector bundles. This shows in particular that B 4 (C, K C ) = ∅ and describes some points in it.
Step 2.-Unobstructed sections. Let u ∈ ∆ 3 be a general extension and let E = E u be the vector bundle that fits in the extension u :
Let Γ = Γ u be the section corresponding to the quotient E ։ K C (−D). Let S = P(E) be and p : S → C the structure map. Let c be the class of
where T S/C := Ker(T S → p * (T C )) is the relative tangent sheaf (the sheaf of tangent vectors along the fibers of p). T S/C is dual to the relative canonical sheaf ω S/C and
On the other hand we have that N Γ/S ≃ K C (−2D), then h 0 (Γ, N Γ/S ) = g − 6 and h 1 (Γ, N Γ/S ) = 1. By ( [16] , p. 177, eq(3.56)) We have 0 → T S (−Γ) → T S < Γ >→ T Γ → 0.
Tensoring the exact sequence (7) by O S (−Γ) we have (7) we deduce that h 2 (T S < Γ >) = 0, then (Γ, S) is unobstructed (see section 2.4), that is, the first-order infinitesimal deformations of the closed embedding Γ ֒→ S are unobstructed with S not fixed, in particular Γ is unobstructed in S fixed and Γ varies in a g − 6-dimensional family.
Step 3.-Specially isolated sections. Since the quotient E ։ K C (−D) corresponds to Γ, to show that there are only finitely many sections corresponding to special quotients like these, that is, to show that Γ it is a specially isolated linear section, we need to show that the family of such corresponding quotients (which vary in a g − 6 dimensional family) do not not intersect in positive dimension the 3-dimensional family of special line bundles in W 
